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Abstract. Stimulated by Ma’s idea, which explains the tribimaximal neutrino mixing by assuming an A4
flavor symmetry, a lepton mass matrix model is investigated. A Frogatt–Nielsen-type model is assumed, and
the flavor structures of the masses and mixing are caused by the VEVs of SU(2)L singlet scalars φ

u
i and φ

d
i

(i= 1, 2, 3), which are assigned to 3 and (1,1′,1′′) of A4, respectively. Possible charged lepton and neutrino
mass spectra and mixing are investigated.

1 Introduction

It is generally assumed that masses and mixings of the
quarks and leptons will obey a simple law of nature. Then
it is also likely that the masses and mixings of those fun-
damental particles will be governed by a symmetry. How-
ever, even if there is such a simple relation in the quark
sector, it is hard to see such a relation in the quark sec-
tor, because the original symmetry will be spoiled by the
gluon cloud. Therefore, in the present paper, we will con-
fine ourselves to the investigation of the lepton masses and
mixings.
It is well known that the observed neutrino mix-

ing is nearly described by the so called tribimaximal
mixing [1–10]:
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In order to understand the tribimaximal mixing, Ma [11]
has recently proposed a neutrino mass matrix model based
on a non-Abelian discrete symmetry A4. The symmetry A4
seems to be very promising for a model of the leptons.
On the other hand, it is also well known that the ob-

served charged lepton masses satisfy the relation [12–15]

me+mµ+mτ =
2

3
(
√
me+

√
mµ+

√
mτ )

2 (2)

with remarkable precision. The mass formula (2) is invari-
ant under any exchange

√
mi↔

√
mj (i, j = e, µ, τ). This

suggests that the lepton mass matrix model will be de-
scribed by the S3 permutation symmetry [16–19].
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In order to understand (2), a seesaw-type mass matrix
model [15, 20, 21] has been proposed:

Me =m
e
LM

−1
E m

e
R . (3)

Here, ME is a mass matrix of hypothetical heavy lep-
tons Ei (i = 1, 2, 3), and we have assumed ME ∝ 1 ≡
diag(1, 1, 1). The matrices meL and m

e
R are mass matrices

defined by eLm
e
LER and ELm

e
ReR, respectively, and we

assume meL =m
e
R/k = yediag(v1, v2, v3) (k is a constant),

where vi are vacuum expectation values (VEVs) of the
three Higgs scalars φLi = (φ

†
Li, φ

0
Li), and they satisfy the

relation
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2 . (4)

The relation (4) can be derived from the following Higgs
potential [22–24]:
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where φi (i= 1, 2, 3) are three objects of S3 (fundamental
basis), (φπ, φη) and φσ are a doublet and singlet of S3, re-
spectively, which are defined by
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and VSB is a soft symmetry breaking term [23, 24] that does
not affect the derivation of the relation (4). The minimizing
condition of the potential (5) leads to the VEV relation

v2π+ v
2
η = v

2
σ . (7)
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Equation (7) gives (4) because
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3

)2
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(8)

(Note that although the Higgs potential (5) is invariant
under the S3 symmetry, it is not a general one of the S3-
invariant form. As pointed out in [23, 24], a Higgs potential
with the general form cannot lead to the relation (7). We
need an additional requirement.) For a recent S3 model of
the lepton masses and mixings, see [25].
Considering the scenario for the charged lepton mass

spectrum, the S3 symmetry is also attractive, but, in the
present paper, we will investigate an A4 model by work-
ing with Ma’s model [11] for the tribimaximal neutrino
mixing. In the next section, we will show that the S3 sce-
nario for the charged lepton masses can be translated into
the language of A4. In Sect. 3, we will give a Frogatt–
Nielsen-type model [26] of the leptons based on an A4 fla-
vor symmetry. The mass matrix structures in the charged
lepton and neutrino sectors are discussed in Sects. 4 and
5, respectively. In Sect. 6, a speculation about the neu-
trino masses will be given. In Sect. 7, a SUSY version of
the Higgs potential (5) [see (24)] will be proposed. Fi-
nally, Sect. 8 is devoted to a summary. In order to ob-
tain the tribimaximal mixing (1) and the charged lepton
mass relation (2), we will need further phenomenological
assumptions, (i) 1′ ↔ 1′′ symmetry and (ii) the univer-
sality of the coupling constants, in addition to the A4
symmetry.

2 From S3 into A4

When we define ψ =
(
ψ1, ψ2, ψ3

)
and ψ = (ψ1, ψ2, ψ3) as 3

of A4, we can compose 1, 1
′ and 1′′ of A4 as follows:
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The expressions (9)–(11) can be rewritten as
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It is useful to define the following (φσ , φη, φπ) basis corre-
spondingly to (13)–(15):

φ1 = φσ , (17)

φ1′ =
1
√
2
(φη− iφπ) , (18)

φ1′′ =
1
√
2
(φη+iφπ) , (19)

where the scalars φ1, φ1′ and φ1′′ are 1, 1
′ and 1′′ of A4.

Then, A4-invariantYukawa interactions that are composed
of ψ,ψ and φ are expressed as follows:

(ψψ)1φ1 = (ψψ)σφσ , (20)

(ψψ)1′φ1′′ =
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+i(ψψ)πφη
]
. (22)

Hereafter, we will always assume a 1′↔ 1′′ symmetry, so
that we obtain

(ψψ)1′φ1′′ +(ψψ)1′′φ1′ = (ψψ)ηφη+(ψψ)πφπ . (23)

In the S3-invariant Higgs potential (5), the existence of
the λ2 term was essential for the derivation of the VEV
relation (7). In the present A4 model, if we adopt the ba-
sis φ= (φσ , φη, φπ), which is defined by (17)–(19), we can
regard the Higgs potential (5) as an A4-invariant one:
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When we define (φ1, φ2, φ3) by (6), we can obtain the VEV
relation (4) for the VEVs vi = 〈φi〉, so that we obtain the
charged lepton mass relation (2) from the A4-invariant
Yukawa interaction:

(eE)1φ1+(eE)1′φ1′′ +(eE)1′′φ1′

= (eE)σφσ+(eE)ηφη+(eE)πφπ

= e1E1φ1+ e2E2φ2+ e3E3φ3 , (25)
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where eL and ER have been assigned to 3 of A4. (However,
in the next section, we will not adopt the seesaw model (3),
but we adopt a Frogatt–Nielsen-type model without the
heavy leptons Ei.)
Note that, in the S3 model, (φ1, φ2, φ3) were three

objects of S3 and (φσ , φη, φπ) were the singlet and dou-
blet of S3, respectively, while, in the present A4 model,
(φσ , φη, φπ) and (φ1, φ2, φ3) are merely linear combina-
tions of (φ1, φ1′ , φ1′′), and they are not irreducible repre-
sentations of A4.
Thus, we have a possibility that we can build a model

that leads not only to the tribimaximal mixing for the neu-
trinos, but also to the mass relation (2) for the charged
leptons by developing Ma’s idea.

3 Model

So far, we have considered three scalars to be φi SU(2) dou-
blets. However, such a model with multi-Higgs doublets
causes a flavor changing neutral current (FCNC) problem.
Therefore, in the present paper, we assume a Frogatt–
Nielsen-type model [26]:

Heff = yelLH
d
L

φd

Λd

φd

Λd
eR+yνlLH

u
L

φu

Λu
νR+yRνRΦν

∗
R ,

(26)

where the 	iL are SU(2)L doublet leptons 	iL = (νiL, eiL),

HdL andH
u
L are conventional SU(2)L doublet Higgs scalars,

φd and φu are SU(2)L singlet scalars, and Λd and Λu
are scales of the effective theory. We consider 〈φf 〉/Λf
(f = u, d) to be of the order of 1. Here, we have not
adopted the seesaw-type model (3) for the charged lep-
ton sector, because the existence of ME ∝ 1 in (3) did
not play any essential role in the flavor structure of the
charged lepton mass matrix Me. The scalar Φ has been
introduced in order to generate the Majorana mass MR
of the right-handed neutrinos νR. The model is essentially
unchanged compared with the seesaw model as far as the
flavor structures are concerned. However, the scenario for
the energy scale of the symmetry breaking is considerably
changed, i.e. we assume that the VEVs of φfi are of the
order of the Planckmass scale although we have considered
〈φi〉 ∼ 102 GeV in the seesaw model [27]. In other words,
in the Frogatt–Nielsen-type model, the A4-broken struc-
ture of the effective Yukawa coupling constants is formed
at the Planck mass scale. However, this is not a serious
problem, because (1) is not so sensitive to the renormal-
ization group equation (RGE) effects as far as the lep-
ton sector is concerned [28, 29]. Although (2) is in remark-
able agreement with the observed charged lepton masses
(the pole masses), the standpoint in the present paper is
that the remarkable coincidence is accidental and the rela-
tion (2) will be satisfied only approximately at a low energy
scale.
Ma has assigned the scalars φd to 3 of A4 in [11]. How-

ever, as we have shown in Sect. 2, since the scalars that
can give the VEV relation (7) [or (4)] are not 3 of A4, but

Table 1. A4 assignments of the fields

Fields A4 U(1)

�L 3 0
νR (1,1′, 1′′) 0
eR 3 0

φu 3 qu

φd (1,1′, 1′′) qd
Φ (1,1′, 1′′) 0
HuL 1 −qu

HdL 1 −2qd

(1,1′,1′′) of A4, we regard φ
d as (1,1′,1′′) of A4 in the

present paper. Also, we will change the assignment of eR
and νR from those in the Mamodel. Of course, the essential
idea to obtain the tribimaximal mixing is indebted to the
Ma model. The A4 assignments in the present model are
listed in Table 1. In order to forbid the unwelcome combi-
nations lLH

d
L(φ

d)n(φu)meR except for (n,m) = (2, 0) and
lLH

u
L(φ

d)n(φu)mνR except for (n,m) = (0, 1), for example,
we assume the following U(1) charge assignments: Q(lL) =

Q(νR) =Q(eR) =Q(Φ) = 0, Q(φ
d) =− 12Q

(
Hdl
)
= qd > 0,

and Q(φu) = −Q
(
HuL
)
= qu > 0, where qd/qu �= n/2 and

qu/qd �= n (n= 0, 1, 2, 3, · · ·).

4 Charged lepton sector

In the charged lepton sector, the possible A4-invariant
interactions (eLeR)φ

dφd, i.e., (3× 3)× (1,1′,1′′)×
(1,1′,1′′), are given by

He = (ee)1 [y0φ1φ1+y1 (φ
′
1φ
′′
1+φ

′′
1φ
′
1)]

+y2 [(ee)
′
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′
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′
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1]
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+φ1φ1′)]

= (ee)σ
[
y0φ

2
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(
φ2π+φ

2
η
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+
1
√
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2
π

)
−2(ee)πφηφπ

]

+2y3 [(ee)ηφηφσ+(ee)πφπφσ ] , (27)

where, for convenience, we have dropped the index d, and
we have assumed the 1′↔ 1′′ symmetry. Furthermore, if
we assume universality of the coupling constants,

y0 = y1 = y2 = y3 , (28)

we obtain

He = y0
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(ee)σ
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2
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= y0
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=
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e1e1φ

2
1+ e2e2φ

2
2+ e3e3φ

2
3

)
, (29)

where φi (i = 1, 2, 3) are defined by (6). As we discussed
in Sect. 2, since we can write the Higgs potential (5) for
φd =

(
φdπ , φ

d
η, φ

d
σ

)
, we can obtain the VEV relation (7)

[i.e. (4) for vi = 〈φdi 〉]. Therefore, from (29) and (4), we can
obtain the charged lepton mass relation (2).

5 Neutrino sector

Since νLφ
uνR ∼ 3×3× (1,1′,1′′), the A4-invariantYukawa

interactions are as follows:

Hν = y
ν
0 (νLφ

u)σνRσ+y
ν
1

[
(νLφ

u)η νRη+(νLφ
u)π νRπ

]
,

(30)

so that we obtain the mass matrixmνL, which is defined by

(ν1 ν2 ν3)Lm
ν
L

⎛
⎝
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νη
νπ

⎞
⎠
R

, (31)

as follows:
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When we again assume universality of the coupling con-
stants, yν0 = y

ν
1 , we obtain

mνL =DUTB , (33)

D = yν0diag(v
u
1 , v

u
2 , v

u
3 ) , (34)

and UTB is the tribimaximal mixing matrix (1), where
we have changed the basis of νR from (νσ, νη, νπ)R to
(νη, νσ, νπ)R.
Although the VEVs of the scalarsφd =

(
φdπ , φ

d
η, φ

d
σ

)
sat-

isfy the VEV relation (7), the VEVs vui = 〈φ
u
i 〉 do not have

such a relation, because we cannot write an A4-invariant
term which corresponds to the λ2 term, i.e. φ

2
σ

(
φ2π+φ

2
η

)
.

The potential for the scalars φu =
(
φu1 , φ

u
2 , φ

u
3

)
is symmet-

ric for any exchange φui ↔ φ
u
j . Therefore, we consider

〈φu1 〉= 〈φ
u
2 〉= 〈φ

u
3 〉 ≡ vu . (35)

Then the mass matrixmνL is diagonalized as

UTTBm
ν
L = y

ν
0vu1 . (36)

If the Majorana mass matrix MR is diagonal in the basis
(νη, νσ, νπ)R, i.e.

MR = diag(Mη,Mσ,Mπ) , (37)

we obtain the mixing matrixUMNS and the eigenvaluesmνi
of the neutrino mass matrixMν =m

ν
LM

−1
R (m

ν
L)
T,

UMNS = UTB , (38)

mν1 = (y
ν
0vu)

2 1

Mη
, mν2 = (y

ν
0vu)

2 1

Mσ
,

mν3 = (y
ν
0vu)

2 1

Mπ
. (39)

The explicit structure of MR = diag(Mη,Mσ,Mπ) will be
discussed in the next section.

6 Speculation on the neutrino mass spectrum

In order to speculate on the neutrino mass spectrum, let
us assume that the Majorana masses are generated by the
following interaction with the scalars Φ= (Φ1, Φ1′ , Φ1′′):

HR =
[
yR0 ν1ν

∗
1+y

R
1 (ν1′ν

∗
1′′ +ν1′′ν

∗
1′)
]
Φ1

+yR2 (ν1′ν
∗
1′Φ1′ +ν1′′ν

∗
1′′Φ1′′)

=
[
yR0 νσν

∗
σ+y

R
1

(
νπν

∗
π+νην

∗
η

)]
Φσ

+
1
√
2
yR2
[(
νην

∗
η −νπν

∗
π

)
Φη−

(
νπν

∗
η +νην

∗
π

)
Φπ
]
,

(40)

where, for convenience, the notation ν∗1′ denotes ν
∗
1′ =

(ν∗)1′ [not ν
∗
1′ = (ν1′)

∗, so that (ν∗1, ν
∗
1′ , ν

∗
1′′)] are trans-

formed as (1,1′,1′′) [not (1,1′′,1′)] under the A4 symme-
try. We assume that the VEVs of Φ∼ (1,1′,1′′) satisfy the
same relation as (7) for φd

〈Φπ〉
2+ 〈Φη〉

2 = 〈Φσ〉
2 , (41)

because φd and Φ are assigned to the same multiplets
(1,1′,1′′). However, if we consider 〈Φπ〉 �= 0, the matrix
MR cannot become diagonal. Therefore, we assume 〈Φπ〉=
0, so that we will take

〈Φπ〉= 0, 〈Φη〉= 〈Φσ〉 . (42)

This assumption corresponds to the assumption, although
we have already assumed the 1′↔ 1′′ symmetry, that this
symmetry holds for the VEV values of Φ, not for the fields,
i.e. 〈Φ1′〉= 〈Φ1′′〉= 〈Φη〉/

√
2. Then we obtain the eigenval-

ues ofMR as follows:

Mη =

(
yR1 +

1
√
2
yR2

)
〈Φσ〉 , Mσ = y

R
0 〈Φσ〉 ,

Mπ =

(
yR1 −

1
√
2
yR2

)
〈Φσ〉 . (43)

In order to speculate on the neutrino masses mνi, we
must reduce the number of parametersmore. Therefore, let
us assume that the fermion terms that couple to the scalars
Φσ, Φη and Φπ are normalized as

HR = yR

[(
sinανσν

∗
σ+cosα

νπν
∗
π+νηνη√
2

)
Φσ

+
νην

∗
η −νπν

∗
π√

2
Φη−

νπν
∗
η +νην

∗
π√

2
Φπ

]
. (44)
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Then we can write the eigenvalues (43) as follows:

Mη =
yR√
2
〈Φσ〉(1+cosα) , Mσ = yR〈Φσ〉 ,

|Mπ|=
yR√
2
〈Φσ〉(1− cosα) , (45)

so that we obtain the neutrino mass spectrum

mν1 =
1

1+cosα
mν0 , mν2 =

1
√
2 sinα

mν0 ,

mν3 =
1

1− cosα
mν0 , (46)

where mν0 =
(
yν0vu

)2
/(yR〈Φσ〉/

√
2)2. For the observed

ratio [30–33]

Robs ≡
∆m2solar
∆m2atm

=

(
7.9+0.6−0.5

)
×10−5 eV2(

2.74+0.44−0.26

)
×10−3 eV2

= (2.9±0.5)×10−2 , (47)

we obtain the predicted ratio

R=
∆m221
∆m332

=
m2ν2−m

2
ν1

m2ν3−m
2
ν2

=
(3 cosα−1)(1− cosα)

(3 cosα+1)(1+cosα)
.

(48)

For example, for α= π/6, we obtain

R=
(3
√
2−2)(2−

√
3)

(3
√
2+2)(2+

√
3)
= 0.0319 . (49)

The value is in good agreement with the observed value
(47). By puttingmν3 =

√
∆m2atm, we obtainmν1 = (0.38±

0.02)×10−2 eV, mν2 =
(
0.99+0.08−0.05

)
×10−2 eV, and mν3 =(

5.23+0.40−0.25

)
×10−2 eV.

However, the theoretical reason for α = π/6 is unclear.
Since we have assumed universality of the coupling con-
stants in the interactions (27) and (31), rather, the case

with the universal coupling yR0 = y
R
1 ,

HR = yR

(
νσν

∗
σ+νπν

∗
π+νην

∗
η√

3
Φσ+

νην
∗
η −νπν

∗
π√

2
Φη

−
νπν

∗
η +νην

∗
π√

2
Φπ

)
, (50)

is likely. This case corresponds to cosα =
√
2/3, and it

predicts

R=
4
√
6−9

4
√
6+9

= 0.0424 . (51)

The value (51) is somewhat large compared with the ob-
served value (47), but, at present, this case cannot be
ruled out within three sigma. Again, by putting mν3 =√
∆m2atm, we obtain

mν1 =
(
0.53+0.04−0.03

)
×10−2 eV ,

mν2 =
(
1.17+0.08−0.05

)
×10−2 eV ,

mν3 =
(
5.23+0.40−0.25

)
×10−2 eV . (52)

Anyhow, the predicted value of mν1 in the present A4
model is relatively large compared with that in the S3
model [25]. We eagerly expect the detection from future
double beta experiments.

7 Superpotential for three flavor scalars

So far, we have not considered the supersymmetric version
of the present model. Recently, Ma has proposed a SUSY
version [34] of the Higgs potential (5) that can lead to
the VEV relation v2π+ v

2
η = v

2
σ, (7). In a similar way, we

can write the superpotential W for the superfields φd =(
φd1, φ

d
1′ , φ

d
1′′

)
(hereafter, for convenience, we will drop the

index d) by assuming the following.

1. The field φa (a = 1,1
′,1′′) to the nth power, (φa)

n

(n= 1, 2, 3), appears always accompanied with the fac-
tor 1/n! in the superpotentialW .

2. In order to forbid unwelcome A4-invariant terms, we re-
quire thatW is invariant under the transformation

φ1′ →−φ1′ , φ1′′ →−φ1′′ . (53)

Under this requirement, the terms (φ1′)
3 and (φ1′′)

3

are forbidden, but φ1′φ1′′ , (φ1′)
2 and (φ1′′)

2 are not
forbidden.

3. The A4 symmetry is softly broken by a termWSB.

As a result, we obtain the superpotential

W =m

(
φ1′φ1′′ +

1

2!
φ21

)
+λ

(
φ1φ1′φ1′′ +

1

3!
φ31

)

+WSB , (54)

WSB = εm

(
−φ1′φ1′′ +

1

2!
eiθφ21′ +

1

2!
e−iθφ21′′

)
. (55)

Here, although the first and second terms in WSB do not
break the A4 symmetry, we have added those to WSB in
order to keep the result (7) independent of WSB. We will
show below that the superpotential (54) can lead to the
VEV relation (7) independently ofWSB and the parameter
θ in WSB determines the ratio vπ/vη, so that the charged
lepton mass spectrum is completely determined only by
the parameter θ.
The superpotential (54) can be rewritten in terms of the

superfields (φπ , φη, φσ) defined by (17)–(19) as follows:

W =
1

2
m(1− ε)

(
φ2η+φ

2
π

)
+
1

2
mφ2σ

+
1

4
εmeiθ

(
φ2η−φ

2
π−2iφηφπ

)

+
1

4
εme−iθ

(
φ2η−φ

2
π+2iφηφπ

)

+
1

2
λφσ

(
φ2η+φ

2
π+
1

3
φ2σ

)
. (56)

Since

∂W

∂φπ
= [m(1− ε)+λφσ−2εm cosθ]φπ+2εm sinθφη,

(57)
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∂W

∂φη
= [m(1− ε)+λφσ+2εm cosθ]φη+2εm sinθφπ ,

(58)

∂W

∂φσ
=mφσ+

1

2
λ
(
φ2η+φ

2
π+φ

2
σ

)
, (59)

the minimization conditions of the potential lead to the re-
lations

tan θ =
2vηvπ
v2η− v

2
π

, (60)

v2π+ v
2
η = v

2
σ , (61)

m+λvσ = 0 . (62)

Note that the derivation of the relation (60) is independent
of the explicit values of m, λ and ε, and the derivation of
the relation (61) is independent of the explicit values ofm,
λ, ε and θ. [Also note that the conditions (57)–(59) can lead

to an alternative solution with (1− 2ε)
(
v2π + v

2
η

)
= (1+

2ε)v2σ and (1−2ε)m+λφσ = 0 instead of (61) and (62), re-
spectively. However, we have taken only the solution that
is independent of the parameter ε.] Thus, without spoil-
ing (7) [see (61)], we have been able to choose the symme-
try breaking termWSB that fixes the VEV ratio vπ/vη.
From the observed values [35] of the charged lepton

masses, we obtain the numerical values z1 = 0.016473, z2 =
0.236869 and z3 = 0.971402, where the parameters zi are
defined by

√
mei = zivd with z

2
1 + z

2
2+ z

2
3 = 1, so that, for

the VEVs of φa defined by (6), we obtain zπ = 0.519393,
zη =−0.479824 and zσ = 0.707106. Therefore, we can ob-
tain the value of θ as follows:

tan
θ

2
=
vπ

vη
=
√
3
z3− z2

2z1− z2− z3
=−1.082466 , (63)

i.e. θ =−94.5354◦. When we express the parameter zi as

z1 =
1
√
6
−
1
√
3
sin ξe ,

z2 =
1
√
6
−
1
√
3
sin

(
ξe+

2

3
π

)
,

z3 =
1
√
6
−
1
√
3
sin

(
ξe+

4

3
π

)
, (64)

the angle θ is related to the parameter ξe by

θ

2
= ξe−

π

2
. (65)

Note that the model givesme→ 0 in the limit of θ→−π/2.

8 Summary

In conclusion, on the basis of the A4 symmetry, we have
investigated a Frogatt–Nielsen-type model (26). The Higgs
potential (24) for the scalars φdi , which are assigned to
(φ1, φ1′ , φ1′′) of A4, can lead to the VEV relation (7), v

2
π+

v2η = v
2
σ, i.e. to the relation (4) for the VEVs 〈φ

d
i 〉 defined

in (6). Since the charged lepton interactions 	LH
d
Lφ
dφdeR

give mei ∝ 〈φdi 〉
2, we have obtained the charged lepton

mass relation (2). For the neutrino sector, we have ob-
tained the tribimaximal mixing (1) by assuming 3 of A4 for
the scalars φu.
However, it should be noted that, in order to obtain the

above results, we have needed to assume the following re-
quirements in addition to the A4 symmetry: (i) the 1

′↔ 1′′

symmetry and (ii) the universality of the coupling con-
stants. Especially, in order to obtain the VEV relation (7)
from the A4-invariant superpotential, the assumptions (i)
and (ii) required in the previous section are required in
addition to the 1′↔ 1′′ symmetry. Those assumptions are
phenomenological ones at present. On the other hand, re-
cently, Ma [34] has also proposed a model that can lead
not only to the tribimaximal mixing (1), but also to the
charged lepton mass relation (2) by assuming a symmetry
Σ(81). In Ma’s Σ(81) model, such an additional assump-
tion except for the symmetryΣ(81) has not been required.
However, in his model, we need the somewhat unfamil-
iar and complicated symmetry Σ(81). In contrast with the
Ma model, in the present model we have adopted a fa-
miliar symmetry A4, and, instead, we have made some
intuitive assumptions; (i) and (ii). Such an approach with
phenomenological assumptions, at present, seems to be
still useful for a future extension of the model rather than
a rigid theoretical model.
In Sects. 5 and 6, a possible neutrino mass spectrum has

been discussed by assuming 〈φu1 〉 = 〈φ
u
2 〉 = 〈φ

u
3 〉, where φ

u
i

belong to 3 of A4. By assuming the structure (42) of the
right-handed neutrino Yukawa interaction, we can specu-
late the neutrino mass spectrum (46). The case α= π/6 is
interesting from the phenomenological point of view, be-
cause the case predicts the ratio ∆m2solar/∆m

2
atm = 0.0319.

However, the numerical predictions in Sect. 6 are not con-
clusive because the numerical prediction has needed some
speculative assumptions.
In Sect. 7, a SUSY version for the Higgs potential of φd

has been proposed. The essential idea is indebted to the Ma
model based on the Σ(81) symmetry [34].
The present model will give a suggestive hint on for

seeking a more plausible model that leads to the tribimax-
imal mixing (1) and the charged lepton mass relation (2).

Acknowledgements. The author would like to thank T. Singai
for helpful conversations on the A4 symmetry. He also thanks
E. Ma for informing on his recent paper [34] prior to putting it
on the hep-ph arXive. The author is much indebted to his re-

cent paper [34], especially, for Sect. 7. This work is supported
by a Grant-in-Aid for Scientific Research, Ministry of Educa-
tion, Science and Culture, Japan (No. 18540284).

References

1. S. Pakvasa, H. Sugawara, Phys. Lett. B 82, 105 (1979)
2. Y. Yamanaka, H. Sugawara, S. Pakvasa, Phys. Rev. D 25,
1895 (1982)

3. P.F. Harrison, D.H. Perkins, W.G. Scott, Phys. Lett. B
458, 79 (1999)



Y. Koide: A4 symmetry and lepton masses and mixing 623

4. P.F. Harrison, D.H. Perkins, W.G. Scott, Phys. Lett. B
530, 167 (2002)

5. Z.Z. Xing, Phys. Lett. B 533, 85 (2002)
6. P.F. Harrison, W.G. Scott, Phys. Lett. B 535, 163 (2003)
7. P.F. Harrison, W.G. Scott, Phys. Lett. B 557, 76 (2003)
8. E. Ma, Phys. Rev. Lett. 90, 221802 (2003)
9. C.I. Low, R.R. Volkas, Phys. Rev. D 68, 033007 (2003)
10. X.-G. He, A. Zee, Phys. Lett. B 560, 87 (2003)
11. E. Ma, Phys. Rev. D 73, 057304 (2006)
12. Y. Koide, Lett. Nuovo Cimento 34, 201 (1982)
13. Y. Koide, Phys. Lett. B 120, 161 (1983)
14. Y. Koide, Phys. Rev. D 28, 252 (1983)
15. Y. Koide, Mod. Phys. Lett. A 5, 2319 (1990)
16. S. Pakvasa, H. Sugawara, Phys. Lett. B 73, 61 (1978)
17. H. Harari, H. Haut, J. Weyers, Phys. Lett. B 78, 459
(1978)

18. E. Derman, Phys. Rev. D 19, 317 (1979)
19. D. Wyler, Phys. Rev. D 19, 330 (1979)
20. Y. Koide, H. Fusaoka, Z. Phys. C 71, 459 (1996)
21. Y. Koide, M. Tanimoto, Z. Phys. C 72, 333 (1996)

22. Y. Koide, Phys. Rev. D 60, 077301 (1999)
23. Y. Koide, Phys. Rev. D 73, 057901 (2006)
24. Y. Koide, Phys. Rev. D 60, 077301 (1999)
25. Y. Koide, Eur. Phys. J. C 50, 809 (2007) [hep-ph/0612058]
26. C. Frogatt, H.B. Nielsen, Nucl. Phys. B 147, 277 (1979)
27. Y. Koide, Eur. Phys. J. C 48, 223 (2006)
28. N. Li, B.Q. Ma, Phys. Rev. D 73, 013009 (2006)
29. Z.Z. Xing, H. Zhang, Phys. Lett. B 635, 107 (2006).
30. SNO Collaboration, B. Aharmim et al., Phys. Rev. C 72,
055502 (2005)

31. KamLAND Collaboration, T. Araki et al., Phys. Rev. Lett.
94, 081801 (2005)

32. MINOS Collaboration, D.G. Michael et al., Phys. Rev.
Lett. 97, 191801 (2006)

33. Super-Kamiokande Collaboration, J. Hosaka et al., arXiv:
hep-ex/0604011

34. E. Ma, Phys. Lett. B 649, 287 (2007) [arXive:hep-ph/
0612022]

35. Particle Data Group, W.M. Yao et al., J. Phys. G: Nucl.
Part. Phys. 33, 1 (2006)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


